We prove a uniqueness theorem for the solutions to the initial boundary value problems in incremental thermoelectroelasticity with nonlinear constitutive response functions. No restriction is made on the initial fields of deformation, electric potential, and temperature.
Introduction
Nowacki in [1] presented a uniqueness theorem for the solutions of the initial boundary value problems in linear thermopiezoelectricity referred to a natural state, i.e., without initial fields.
The equations of nonlinear thermoelectroelasticity were given in Tiersten [2] . Yang [3] then derived from [2] the equations for infinitesimal incremental fields superposed on finite biasing fields in a thermoelectroelastic body with no assumption on the biasing fields.
Here we extend the aforementioned Nowacki's uniqueness theorem to the incremental theory [3] without no restriction on the initial fields of deformation, electric potential, and temperature.
We explicitly to the theory [3] , hence we rewrite from this paper formulae and results of incremental thermoelectroelasticity by using just the same notations.
Equations of Nonlinear Thermoelectroelasticity
Consider a thermoelectroelastic body that, in the reference configuration, occupies a region V with boundary surface S. The motion of the body is described by
where y i denotes the present coordinates and X L the reference coordinates of material points with respect to the same Cartesian coordinate system. Let K Lj , ρ o , f j , ∆ L , ρ E , θ, η, Q L and γ respectively denote the first Piola-Kirchoff stress tensor, the mass density in the reference configuration, the body force per unit mass, the reference electric displacement vector, the free charge density per unit undeformed volume, the absolute temperature, the entropy per unit mass, the reference heat flux vector, and the body heat source per unit mass. Then we have the following equations of motion, electrostatics, and heat conduction written in material form with respect to the reference configuration:
The above equations are adjoined by constitutive relations defined by the specification of the free energy ψ and heat flux Q L :
where
are the finite strain tensor, the reference electric potential gradient, and the reference temperature gradient; of course, δ M N is the Kronecker delta, and φ is the electric potential. Hence, by using ψ the constitutive relations (4) of [3] are deduced for K Li , ∆ L , η:
In particular, (4) 2 includes the case in which Q M is linear in Θ L , that is,
2.1 The initial boundary value problem for a thermoelectroelastic body
To describe the corresponding boundary conditions to add to the field equations (1)- (3), three partitions (S i1 , S i2 ), i = 1, 2, 3, of the boundary surface S = ∂B can be assigned. For mechanical boundary conditions, deformation y i and traction t i per unit undeformed area are prescribed, respectively, on S 11 and S 12 ; for electric boundary conditions, electric potential φ and surface-free charge ∆ per unit undeformed area are prescribed, respectively, on S 21 and S 22 ; while for thermic boundary conditions, temperature θ and normal heat flux Q per unit undeformed area are prescribed, respectively,on S 31 and S 32 . Hence, we can write
where N = (N L ) is the unit exterior normal on S. We put
A body , A body , and A are said to be the (external) body-action, surface-action, and action, respectively. The initial conditions have the form
are prescribed smooth functions of domain V . The initial boundary value problem is then stated as: assigned A body , to find the solution (φ, θ, y i ) in B to the constitutive relations (6) and field equations (1)- (3) which satisfies the boundary conditions (9)-(11) and initial conditions (16) for given A surf and I.
Biasing and incremental fields
In incremental theories three configurations are distinguished: the reference, initial and present configuration.
The Reference Configuration
In the reference state the body is undeformed and free of all fields. A generic point at this state is denoted by X with rectangular coordinates X N . The mass density in the reference configuration is denoted by ρ o .
The Initial Configuration
We put
A o body , A o body , and A o are said to be the (external) body-action, surfaceaction, and action, respectively.
In this state the body is deformed finitely under the action of the prescribed action A o . The position of the material point associated with X is given by y
, with the Jacobian of the initial configuration denoted by
In this state the electric potential, electric field and temperature field are denoted by
The initial fields
satisfy the equations of nonlinear thermoelectroelasticity (1)- (12) under the prescribed action A o . In studying the incremental fields the solution to the initial state problem is assumed known.
The Present Configuration
To the deformed body at the initial configuration, infinitesimal deformations, electric, and thermal fields are applied. The present position of the material point associated with X is given by y i (X, t), with electric potential φ(X, t) and temperature θ(X, t).
The fields y i (X, t), φ(X, t), θ(X, t) satisfy (1)- (3) under the action of the external action (15).
Equations for the incremental fields
Let ε be a small and dimensionless number. The incremental process ε(y 1 , φ 1 , θ 1 ) for (y, φ, θ) superposed to the initial process (y o , φ o , θ o ) is assumed to be infinitesimal and, therefore, we write:
Corresponding to (21), other quantities of the present state can be written as:
where, due to nonlinearity, higher powers of ε may arise. For the incremental action we have A
We want to derive equations governing the incremental process
From (21) and (22), we can further write:
Substituting (21)- (27) into the constitutive relations (1)- (3), with some very lengthy algebra, the following expression can be obtained:
In (29)-(32),
• G M αLγ are the effective elastic constants,
• R LM α are the effective piezoelectric constants,
• Λ M α are the effective thermoelatic constants,
• L M N are the effective dielectric constants,
• P M are the effective pyrolectric constants,
• α is related with the specific heat.
Their expressions are
By the last four above relations in (34) we thus have
We have introduced the κ-notation to allow comparison between the proof written here and that written in [1] . The following symmetries hold:
Restriction on the incremental heat flux
Now we show that the restriction (7) on the heat flux (4) 2 , together with the condition
implies an analogous restriction on the incremental heat flux (32), that is,
Indeed, substituting
which for Θ o L = 0, by (37), yields (38). Note that the choice (8) for the heat flux response function satisfies (37).
Incremental field equations
We refer to a static initial state, that is, independent of time. By substituting (21)- (28) into (1)- (3) and (9)- (11), we find the governing equations for the incremental fields K
Introducing the constitutive relations (29)-(32) into the incremental equations of motion (40), the equation of the electric field (41), and the heat equation (42), for f 1 α = 0 we have
6 Uniqueness of the solution of the incremental differential equations
We follow step by step the proof of Nowacki [1] and put in evidence any difference when it will appear. A modified version of energy balance is needed. It follows by substituting the virtual increments by the real increments
in the principle of virtual work
Thus the fundamental energy equation
is obtained, where we substitute the constitutive relations (29). Hence
thus
where W is the work of deformation and K is the kinetic energy:
Now, to eliminate the term
α, M dV , we multiply the heatconduction equation (49) by θ 1 and integrate over V o ; after simple transformations we obtain
Note that this equation differs from the corresponding Eq. (25) in [1] by the terms χ φ , χ and χ u . Now, substituting (51) into (49), we are lead to the equation
To eliminate the last term
, M dV in Eq. (54) we use the constitutive relations (30).
Finally, we use the equation of the electric field (41) with ρ E = 0 . Multiplying the equation by φ 1 and integrating over the region of the body, we obtain
Using the relations (30) and (55), after simple transformations we obtain Moreover, from the constitutive relations we have that
